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1 The model

1 so we describe only one

The three countries are modelled in a similar fashion
country, let us say the UK (see the appendix for the rest).
The economy consists of a large number of identical households and firms, a

fiscal authority and a monetary authority.

1.1 The Household

The household maximizes expected lifetime utility:

Eo[Y  B'U(CE )] (1)

t=o00

where 0 < 3 < 1 is a constant discount factor, Ci denotes UK consumption in
period t and k' is the number of hours worked by the UK representative household.
U(C?,h?) is a utility function, increasing and concave in its first argument, and

decreasing and convex in its last argument. The following utility function will be

used:

U(CP,hy) =1og(CY) + Olog(1 = h7) (2)

where 6 is a weight for the marginal utility of leisure.
In each and every period the UK household faces the following budget con-

straint:

ﬁF G - _
PPCY + PPI7 + /g(e_tSBg’tH + e%PtGBg,m + R&SBg,t—l—l)dé + Mtil + P°T/
t t
F

BE, G
= WSRS 4+ 25KS +115 + —;t + 6isB§jt + BS, + M + N} (3)
t t

where P denotes the price of UK consumption and investment goods, I is

investment, e is the FF/SF exchange rate, e is the FF/DM rate (hence e /e?

!'Nevertheless they may still differ in terms of size, economic structure, shocks and so on.



is the SF/DM rate), ]Stj is the price paid for an asset that will deliver 1 unit of

country j’s currency (j = F, G, S) next period if state ¢ realizes. A typical UK
household owns Béyt such assets entering period t. M is the stock of money held

by the UK household in period t, T is lump-sum tazes, W is the nominal wage,
2 is the rental rate for capital, K is the physical capital stock at the beginning
of period ¢, IIY are the profits of the UK firms and N;° is a per-capita amount of
money issued by the Bank of England (BoE) and given to the households in the
form of a helicopter drop.

According to the budget constraint, the households enters period t holding an
amount of money equal to M;; it receives income from its financial investments,
Bgvt, from its labor services, from renting capital to the firms. It also receives its
share of the profits distributed by the firms and its share of the money injection by
the BoE. It uses these funds to buy new financial assets, to build its cash reserves,
to pay taxes and to purchase goods for consumption and investment purposes.

Physical capital accumulates according to

Ky = DAL KS + (1 +0)K (@)
t

where 0 < § < 1 denotes the rate of depreciation. The concave function ®(.)
captures the presence of adjustment cost to investment. It is assumed to be twice
differentiable and homogenous of degree 0. Furthermore, we assume the absence
of adjustment cost in the steady state: ®(y+d—1)=~v+5—1, ?'(y+0—-1) =1

O (y+-1)(y+6—-1) __
3 (y+o—1) =¥

and

In each and every period ¢, the household faces a cash-in-advance (CIA) con-

straint on consumption purchases:

P3CS < MP (5)

Finally, we will assume that —at least a fraction of— the nominal wages are fixed

one period in advance at a level that is equal to the expected labor market clearing
wage, W,

W, = B, W, (6)



The households that have signed labor contracts must then supply whatever quan-

tity of labor is demanded by the firms.

1.2 The firms

There are two types of firms, those that produce an intermediate good, Y, and
those that produce a final good, Q.

The production of the intermediate good is done according to:

Y = ay (K7)*(Tehy) = (7)

where K, denotes the physical capital stock at the beginning of period t. T

represents Harrod neutral, deterministic, technical progress evolving according to

I, = 4Iy_1. v > 1 denotes the deterministic rate of growth. a? is a stationary,

exogenous, stochastic technological shock.?
The representative intermediate good firm chooses the quantity of capital and

labor to lease in period t in order to maximize its current profits
S y/S S$18 S-S
mo= (Py, Y, —Wiohy — 2 KY) (8)

where Py, is the price of the UK intermediate good.
The country specific intermediate goods are then combined to produce the final

goods in the three countries.

Y =Yh+ Y5 +YE (9)

where YJSt denotes the amount of UK intermediate good that is used as an input

to produce country j’s final good in period t.

1.3 Production of the final domestic good

The production of the final good in the UK, Q7 takes place according to:

QF = [@i (V&) + @l P (YS) +wa P(YE,))r (10)

The level of production is selected in order to maximize profits:

2The stochastic properties of the technology shock will be described in section ??.
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™ =PrQy — o5 YS,t TS PYtYS,t - PYtYs,t (11)
t t

where oy, is the weight of the French goods in the UK final good basket, ws, is
the weight of German goods in this basket and wg denotes the weight of UK goods

in the domestic (UK) basket. Recall that Y}"t is the amount of the intermediate
good of country j (j = F, G, S) used in the production of the UK final good. ﬁ is

the elasticity of substitution between the domestic and foreign intermediate goods.

Clearing of the UK final good market requires:

QP =CS+ 17+ &7 (12)

where G¥ is UK government expenditure.

1.4 Government

In each period the government acquires an amount G; of the final good. The cycli-
cal component of government expenditures (g; = G;/I';) is exogenously determined

by a stationary AR(1) process such that:

log(g:) = pglog(gi—1) + (1 — pg)log(g) + €4 (13)

with |py] < 1 and €, ~ N(0,0,).

These expenditures are financed by means of lump—sum taxation

PtSGf = PtSTtS (14)

1.5 Monetary authorities

The behavior of the monetary authorities depends on the international monetary
arrangement in place. Under a flexible exchange rate regime, we assume that
monetary authorities pursue active monetary policy. In particular, central banks

are assumed to follow a Taylor rule of the form

Rf = PSRf—1 + (1 - PS)[K{fEt[Ytil] + KﬁEt[HfHH + ft (15)



where R? is the gross nominal interest rate, p° denotes the degree of interest
rate smoothing, Et[Y;f 7] is expected output (relative to target) and Et[ g is
expected CPI inflation (relative to target). KyS and K3 are fixed weights.

In all cases we will assume that the supply of money involves according to

MtSJrl =y MY (16)
where 11, is the gross rate of growth. This is selected endogenously in order to satisfy
the constraint imposed by the nominal interest rate policy. Under a unilateral
French peg, France is assumed to select the growth rate of its supply of money, u,,
in order to maintain a fixed FF /DM rate (while the Bundesbank pursues its Taylor
rule). This policy is implemented by solving for the exchange rate as a function
of the state variables of the system (a set that includes y;) and then selecting a

value for pu; that satisfies the exchange rate target, e.

2 The solution

This section describes in detail the computation of the equilibrium in this economy.
We start by deriving the first order conditions that define the optimal behavior of

each group of agents in these economies.

2.1 First order conditions

Households
French households

max Fy Zﬁt (log(C{") 4 0log(1 — b))

t=0

subject to

/(pstFt—H + ey pstFt+1 + e pstlgt—i-l) dl + M, t+1 PtFOtF + PtFItF + PtFnF <

BE, + 8BS, +e? By, + M+ NF + WERE + 2P K]

IF
Ktljrl = <KF> KF +(1 _5)KtF



PGy < M

Noting that the cash in advance constraint (CIA) will be satisfied as an equal-

ity if nominal interest rates are positive and substituting this constraint into the

budget constraint produces the following first order conditions:

PtFAf\;t

6
1 hF
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where AL, and Af,, are the Langrange multipliers associated with the capital

accumulation and the budget constraint respectively

German households:

max F iﬁt (log(CY") + Olog(1 — hy'))

t=0



subject to
S
p
/@( LBl + 5By + prtBGt+1) dl + Mg, + PECY + PEIY + PETY <

BGt+BGt+ BGt+MG+NG+WGhG+zt K¢
t

]G
Kﬁ,—®<K0>A@ +(1—-68)KE
PECY < MY

First order conditions:
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UK households:

max By 3 7 (1og(CS) + log(1 - hf))

t=0



subject to

e
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Firms
French firms

The intermediate good firms maximize
max PLYF — WEhE — 2FKF

with Y,/ = AP KF®(,hl)1 =

First order conditions:

WER = (1- )Py

FEE = aPEYS
The market clearing condition is
VI =Yh+ Y4 +YS
The final good firms maximize
max PtFQf - Pigtyfi - etGPSGtYFGT - efPf?tYﬁgT
with
QF = (WA + Wi PYE" + Wk v SN

The first order conditions are

1
SpS \ =1
e P p—1
Y}% — ( t Yt) WBQf
the market clearing condition is
Qf =CI+I1+Gf
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and the aggregate price index is

p—1

P
F _ F 5=1 G pG =2 SpSy\L) *
P = (WIPYtp Pt wa(ey Pyy) P T 4 wsey PYt)p_l>
German firms
The German intermediate good firms maximize
max PSY,C — WERE — 26 KC

with Y€ = AG KG(T',hG)1-e

First order conditions:

WtGhtG = (1 - Q)P)gthG

WK = aPRyf
The market clearing condition is
YO =Y +YE+YS

The final good firms maximize

Pr ed
aAG Yty F GG t pS S
max P Q)" — e Yoo — ByiYor — e_GPYtYGT
t t

with
1— p 1— p 1— o\ 1/p
Qf = (Wl PYE A w YE +w Y, )

First order conditions




the market clearing condition is
Qf =Cf +If + GY

and the aggregate price index is

p—1

£ P\ 5

PF p—1 0 6SPS -1 P
G _ Yt G -1 t Yt
= (s () w0

UK firms
The UK intermediate good firms maximize

S y-S SpS _ SyrS
max Py, Y — W72 hy — 2 K,

with Y% = ASKS(T',hs)1—

First order conditions:
WtShtS = (1- O‘)P{/qtyts
SRS =
The market clearing condition is
Y2 =YE +YE +YE

The final good firms maximize

PE e

S S Yty F t PGy G S 1/ S

max P Q) — o Yo — e_SPYtYST — Py Yer
t t

with

First order conditions

PE N\
Y;; = (—Yt) W4Q£9

TE?
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1
PS p—1
o= (P) wer
the market clearing condition is
Q =Cl+ 17+ Gy

and the aggregate price index is

Governments

French : PFGI =PI'TF
German : PCGE = PETE

UK : PG} =PTS

Monetary authorities

The Taylor rules are expressed in terms of deviations from their target. For

instance, R represents log(R}) — log(R’). Note that R is the gross interest rate.

French : Mtljrl = ufMF
R =p"R +(1—p") ("435Et§5r1 + Kf:Et%zﬂ-l) +¢

. G _ ,GprG
German : Mg, = p; M,
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R = p“R{ 4+ (1—p%) (“g?Et@tGJrl + “?Eﬁgu) +¢f

UK : M, =M

Rf = SRf L+ (1=p%) (“ Etyt+1 + K EtWtH) +¢

Financial markets equilibrium

F G AG S AS
pF A & Ari & AMt+1
bt T F .G G .S S
A e Ain e Mg
G AF G S G AS
po €1 Mgy o A & G A
bt G AF  TAG T S G S
ey A AY, ern ef A3y
F G G s
pS — et+1 A _ & €t+1 A _ A
bt S F .G S G~ TAS
ey Ny e ef AR Ay
this implies
G S
A AMt

AMt_nG G =MNs—g5
t

2.2 The equilibrium

We now turn to the description of the equilibrium of the economy.

capital is perfectly mobile across countries while labor is not.

definition 1 An equilibrium of this economy is a sequence of prices

Recall that

{,Pt};t)ioz {ngzgapltjapét’pit( ) Rtvet 7et}t_0] S (FG S)

and a sequence of quantities

{Qt}fio = {{QtH}zo’{Qf}zo}
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with

[e.o]

H\%° _ J 7 J J J
{Qt }t:() - {{Ct’[t ) {Bit+1 ie(F,G,S)’ KtH’MtH}je(F,G,S)}

t=0

and
o

{Qf}:io - {{Ktj7h§7§/t]7 {Y;j}iG(FaG’S) ’ Q{}jE(F’G’S)}

t=0

such that:

(i) given a sequence of prices {P;}22, and a sequence of shocks, {QF}2, is a

solution to the representative household’s problem;

(ii) given a sequence of prices {P;}2, and a sequence of shocks, {QF}2, is a

solution to the representative firms’ problem;

(111) given a sequence of quantities {Q:}32, and a sequence of shocks, {P:}:2,

clears the goods markets in the sense

Qf =C{ + I} +Gf (17)
QF =Cf + I + GY (18)

Q) =CP + 17 + G} (19)
VE =YhE+YE+YE (20)
YO =YE+YS+YE (21)
VS =Y + Y5+ Y (22)

as well as the financial, money and capital markets.

() Nominal wages are set using labor contracts of the form W} = (1 — ﬁ)Wtj +

19Et_1/WVg where /Wv,f is the nominal wage that would clear the labor market in

a Walrasian framework, and 0 < 9 < 1 is the share of labor contracts in the

economy.

15



2.3 Numerical solution

Solving the model involves 4 steps

1. Adjusting the variables for both technological progress and nominal growth

(that is, making the model stationary);
2. Calculating the deterministic steady state;
3. Log-linearizing the system around the steady state;

4. Solving the resulting dynamic system.

2.3.1 Stationarity
Let us define

Moo = MM A5 = AT M e A5y = A M ef

wi =W IME  wi = e \WEIMF wp = e \ W /M

pi =T PF/ME pf =T PE/ME pf = ;T PP /M

pye = DoPE M pgy = ef T PG /M pyy = €T PP /M
and

Aef =effe,  Aef =e€f/ef,
mg = e Mg /M mi = ey | M /Mf

Finally, we set A, = A%, T, and 2] = XJ /T, for = € {c,u,95,1,9,q,k} where
t,je{F G,S}.

Note that p%t is the price of an asset that pays one unit in the next period.

Hence, 1/ pfgt is the rate of return, which is known in time t. Any of the FOC
related to the asset holding decisions can be integrated with respect to s. Note

that, by the latter definition we have

B 1
fs PBiS

R]
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Hence, we have

Agm = ﬂRi EtAthH

Finally, note that m = P,/P,_1, then using the definition of the deflated vari-

ables, we have:

ml =pi s i, T =P/ (pfAef) and T = pPul /(pp Ae})

Equilibrium conditions of the stationary -deflated- model

F _ F;Fra;pl-a
Y, =a, ky Iy

G _ G1.GyGgl-a
Y, = ag; kg hy

17



0 = A Aewi (1 — )
0 = A Aeiwi (1 - ny)
Nt =13

Aehte M D’ = 3

m

Apatty M Aey’ = 3

)‘ant = 77G)\§nt
)\nFmt = 775)‘517:

wih{ = (1= a)py.y;
Aegwihg = (1 — a)pfyy
Aejwihy = (1 — a)py,y;
aof =cf +if +9i

g = cf +if +gf

¢ =c +iy +g7

yf = y?t + ygt + ygt

G G G G
Yo = Ypr T Yt T Ysy

S S S s
Yo = Ypt + Yo T Ysy
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2.3.2 Calculation of the steady state

It is important to note that we do not need to calculate the values of all variables

in the steady state, but only those that will be used in the log-linearization of the

model. Some variables can be computed in a straightforward way so we will focus

mostly on the more complicated variables. Note that the steady state is obtained

by omitting the time subscripts and the expectations from the stationary system

of equations

Namely, we know that

M =p AL, A =p9AG and Ay = pPA;)

as we impose ®'(y+d—1)=1and d(y+5—1)=~v+6—1

A = n6)S = nss,

which implies m® = 7% and m* = n°

Ae® = Ae® =1 from the money supply equation and imposing puf" = 1

we impose af” = o =a=1

we impose hf = h% = h® = 0.35

we then solve the system

yF = aFEpFopFt

yC = aC RGO RG>
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pFCF -1
PG = mC
P55 = mS

X =B/u

Ao = B/(ume)

Ao = B/ (uns)
L
¢ =@ 4+iC 4 @
=S +i5+ g
v" = yr e+ us

y¢ =Yg+ s +ys
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p—1

£ p

%) = (wuﬁﬁ +wspEPT + wePET )
(") (y+0-1k" ="

(i) (y+6—1k% =4°

(%) (y+5—1Dk% ="

(") (v = B(1—0)p"k" = Bapyy”

(k%) (v = B(L—8)p kS = Bapiy©

(k%) (v = B1 - 0P’k = fapyy®

(R)  R'=R“=R°=pu/p

2.3.3 Log-linearization of the system

Each of the first order conditions can be written as :
Et@(x) =0

where x is a vector of control and state variables, dated according to the case in
t or t + 1. Let us denote the steady state value of z by x*. By definition, ¢(.)

satisfies:
p(r*) =0

The log—linear approximation of ¢(.) is then given by :

Erplr) = { )+ Z (alog () )

where O(||z||?) converges to zero in probability.

r=x*

(log (z;) — log (= ))+O(lel)}
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Let x; be the percentage deviation of x; relative to its steady state value z}, T;

is thus defined by :

*
i — e ~
Ty Ty

(2

Since T; can be interpreted as the percentage deviation of x; from its steady

state, its coefficient can be interpreted as an elasticity.

Using the fact that ¢(2*) = 0 and neglecting the terms of order greater or equal

than 2, the log-linear approximation is given by :

awm:@{iiﬁgﬁﬂ

i

2.3.4 The log-linearized economies

r=x

We will now describe the log-linearized economies under a flexible exchange rate

system. We log-linearized the stationary equilibrium conditions around the steady

~

state according to the following first-order Taylor approximation f(z;) ~ x* f'(x*);.

7 — (1 —a)hf =af + okl

7¢ — (1 — a)h® =3¢ + akC

7P —(1—a)hd =3 +ak?
i +e =0
—~G .
Py 40 = Dey + iy

—~ 9
~5 | S ~ 9
pr t¢ = De, +my

AL = o — k) + 05
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7Y+ G, = (& —kE) + G

7S, = o — &) + 2%,

hr TF F _F
mht —wp = Ay
hY oo o 56 _ 6

mht — Wy — Ay = Dey
h? s s S s
mht —wy — Ay = Qe
Xit—i—ﬁf:()
6 L ~G ., oY ~a
At + 1+ Dep = —iny
o~ ~ —~ S ~
/\fnt+MtS+Aet = —mf

NG _F
)\mt - >\mt
NS _NF
)\mt - )\mt

~ —G
~G G ~G ~G __
wy” + hy Pyt — Yy = —Ae,
~ — S
~S S ~S ~S __
wy + hy Py — Y = —Ae,

FAF FaF  FOF F~F
¢qG —cc¢ —vi —gg =0
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GG G~G GG GG
g —ce =iy —g'g =0

SA~S SAS .58 S~S
g —c’ —1iy —g7gy =0

yF@\tF - y?@\gt - yg’y\gt - yg@\gt =0
GG

yOus — vy, — veys, — vS5us, =0

yS@\f - y;?ﬂ;it - ygz//\g't - ygl/y\gt =0

1 1
~F ~F ~F ~F
Yre T 1pt_p_1pyt_qt =0

1 1
~G ~F' ~G ~F

_ _ =0

yFt+p_1pt p_lpyt q

1 1
~5 ~F ~S ~F
ypﬁp_lpt—p_lpyt—qt =0
~ 1 1
Géu + ——Pi = ——Pp— @ =0
§Gy+ —— ¢ — % —gF =0
Gt p_]_t p_]_ yt t
Bt =37 — o= =0
Gt p_lt p_l yt t
- 1 IR
U + _ﬁf—p By =G =0

1 1
~G ~5 ~G ~5 __
yst+p_1pt—p_1pyt ;=0
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ySt+p_1pt - p_lpyt_qt =
P P _P _P
(") 71Dy — wilp) )7 Py — wa(pS) 71D, — ws(p)) 7T p5, =0
_P _P _P P
(P97 1Dy — walpy )7 TPy — wi(pS) 71Dy, — ws(p))» TPy = 0

_P_ _P__ _P_
(%) 771Dy — wa(py )71 Dby — ws(py) 71 P

|
S
>
3
<

kL + (6= DR = (7+0 - 1)if

VhEy + (0= DES = (v +6 — )i

Yk + (0= Dk = (y+0 - 1)}
WG, —mE = if — i + ey

—~ 5
~ S ~S5  ~S ~F
My — My = My — My + Ae,

R =p"R +(1- PF)H&?EA + (1 - PF)’if(ﬁil —py +n )+ ¢

~ ~ o —G
Ry = pO R+ (1= p9) Ry G + (1= p9)Rd (P — DY + i = Dein) + ¢ (67)

~ ~ =5
Ry = p" Ry + (1= p")mg G + (L= p)sl (B — B + 1 — Deyyy) + G (68)

R p R F_F ~
F aBPyy sp 5(1 — &)AF ﬁ[apy J o(y+6— 1>]k5r1

kT T E et T S I Ce
F _F F o F
abpyy o  ABPy Y e ~
= v R A §—1)i
¥ pF o i + ¥ pF 1o Pyt+1 790(7 + )it
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G G G, G
~a  abp) Yy ~q p ~a B Py ~
MG — LT AG T (1 = )N Sla=% 2. — §— 1]k
Kt TG G i 7( AR + ’Y[OCPG 1:G ey + Nkt
G G G, G
O‘ﬁpy ) ~G O‘ﬁpy Yy ~G ﬁ -G
= ———FF7a — - — 0—1 70
N pG LG Yit+1 + ~ pG kayt—l—l 790(7 + )’Lt-l—l ( )
S .8 S .S
S5 abPyyLg p g B. Py ~
Ao — 2 S P (1= 0)A Ela=%2. — §— 1)k
kT S s i 7( )Ake1 T V[QPS 15 o(v+ )k
~ pd kgyt—H ~ pS kspyt+1 Pygp 8 t+1
)‘nF”Lt - )‘511;+1 - Rf = _//Zf (72)
—~ ~ ~ —~a N
)‘gt - )‘fnt—i-l - RtG —Aeyy = —7i; (73)
~ -~ ~ —~ 5 /\
Ar‘?%t - )‘gzt—i—l - Rf —Deyyy = —Mf (74)

The log—linear equations can then be rewritten according to the following ma-

trix equations :

M.C, = M5, (75)

MssOSt+1 + Msslst - Msc(]ct—H + Msclct + Msegt—l—l (76)

Interpreting the previous system as a state—space system allows to use equation

(75) as the measurement equation of the system: It links the control variables,
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represented by the vector C;, to the state variables, represented by the vector &;.

In our problem, the control variables vector is given by :

o~ o~ . . . . . . N/
Co = {@. 3 W&l Gy Bl P 01, 7
ty t t t t t t t
) I 9 I y SOt ) Pyt I jG{F,G,S}

whereas the state variables vector is given by :

/

mt?

S, = {k. Bl,m¢ if @l 6. G N Moy Aef, Ac )
t po I, myT My ay, Gy, G N ¢ tJietra.s
The second equation above(equation 76) is the state equation. It accounts
for the dynamic link between control variables, state variables and the surprises,

represented by? :
gt = {Etft+1 — i.\tJrl}, for x € {S}

This system is solved according to the method discussed in Blanchard and
Kahn [1980] Because of the existence of nominal wage contracts, the model has to

be solved twice:

1. First the model is solved under the assumption that wages are flexible (the

walrasian model) in order to get a solution for the equilibrium wage

i 379 i Ri P~ i 3 GG 88
wy = § [ﬂ-kkt + TR Ry + Taa; + myg; + ngt} + Ty + Ty
JE{FG,S}

2. This equation is then projected on the information set Z,_; = {kf R mé m;, a{_l,
fq\g_l, /;j_l} that represents the information set available to the agents
jE{F,G,S}

at the time they sign the labor contracts. The resulting relation defines the
wage processes and is imposed on the model together with the assumption
that employment is demand determined (that is, the firms are assumed to

be on their labor demand). The new model is then solved.

32, denote the vector of innovations for the exogenous shocks.
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3 The unilateral peg: France pegs the FF to

the DM while the UK maintains a flexible ex-
change rate (EMS)

If France pegs the FF/DM rate, e = €C, then Ae¢ = 1 and French monetary
policy must aim at maintaining the exchange rate fixed. Hence a Taylor rule can
no longer be followed.

The following log-linear equations are affected by the change in monetary ar-

rangement:
P e =my (77)
hG AG G
XSy + i = g’ (79)
of +hy =Dy, — g7 =0 (80)
thH fﬁtG = ﬁtG - ﬁf (81)
/\nFmt - )‘itﬂ - RtG = _ﬁf (82)

We eliminate the French equivalent to the last equation of the previous system.
The control variables vector and the state variables vector respectively are given
by:

VI~ By B~ R

Ct - {ytaQta taitahtvpmwwpyhyltmut nut }JE{FGS}
_ B Iy I
St - {khmt , M S RG Rf? iagg7Ct 7Ctsa A?{t? Ayl;;ta Aet }jE{F,G,S}
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